A Review of Minkowski's Work
The description of an electric charge in hyperbolic motion is at the center of Minkowski's geometrical formulation of electrodynamics. In "Space and Time" [1] , his last contribution to special relativity before his premature death, Minkowski gives a brief geometrical recipe for calculating the four-force with which an electric charge acts upon another electric charge. We can get a better appreciation of Minkowski's revolutionary work by exploring his geometrical recipe, by assembling the derivation details that Minkowski did not have a chance to publish. The first step in Minkowski's procedure is to approximate the motion of the source charge with hyperbolic motion. This is done with the help of three infinitesimally close points on the worldline of the source particle. This hyperbola of curvature, tangent to the worldline, is determined by the four-velocity and the four-acceleration of the particle at the given spacetime point P . The hyperbola lies in the plane defined by these two four-vectors. The four-acceleration, which is perpendicular to the fourvelocity, lies on a line that goes through the center of the hyperbola M . Minkowski mentions that the length ρ of the segment MP determines the magnitude of the four-acceleration, according to the formula c 2 /ρ. The second step in Minkowski's procedure is to complete the spacetime diagram with the inclusion of the test charge. From the worldpoint P , where the source particle is, we draw into the future a lightcone that intersects the worldline of the test particle at point P 1 . Minkowski uses a reference frame which is instantaneously at rest with the source particle at P . In this co-moving reference frame the time axis P t has the direction of the four-velocity, which is tangent to the worldline. The distance r between the test charge and the source charge, at the retarded position, is the length of a segment P 1 Q perpendicular to the time axis P t. In the co-moving reference frame the four-potential, being parallel to the four-velocity of the source particle, has an especially simple expression. Minkowski mentions that the four-potential at worldpoint P 1 has the direction of P Q and the magnitude of e/r (in Gaussian units), where e is the electric charge of the source.
The third step in Minkowski's procedure is to establish the spatial axes of the co-moving reference frame. The origin of the reference system is at P , the retarded position of the source charge. The x axis is parallel to the radial segment QP 1 , previously determined. The y axis is chosen in such a way to make sure that the hyperbola of curvature (the plane (M P Q)) and the field point P 1 are included in the three dimensional subspace spanned by the P x, P y, and P t axes. The y axis is parallel to the segment M N , which is drawn from M , the center of the hyperbola, perpendicular to the P x axis. It turns out that the segment M N is not only perpendicular to the P x axis, but also perpendicular to the P t axis, which makes it eligible to indicate the direction of the y axis. (The proof that M N ⊥ P Q goes like this: P Q ⊥ M P because the fourvelocity is perpendicular to the four-acceleration. P Q ⊥ N P because P Q ⊥ P 1 Q and N P P 1 Q. As a result P Q ⊥ (M P N ), which means that P Q ⊥ M N .) The z axis is automatically determined from its orthogonality to the x, y, and t axes.
In the final step Minkowski writes down an expression for the fourforce with which the particle at P (with electric charge e), acts upon the particle at P 1 (with electric charge e 1 ). The electrodynamic four-force (in Gaussian units) is:
where the dots represent derivation with respect to the proper time. The components of the four-vector K satisfy the relations:
while, at the same time, the four-vector K is orthogonal to the fourvelocity of the test particle at P 1 . We also notice that in Minkowski space u = ict and K u = icK t . It turns out that, in order to fully understand the geometrical recipe of Minkowski, one first has to derive an expression of the electromagnetic field produced by the source charge. This is a step that Minkowski has probably intentionally left out.
Born [2] is the first one to publish a calculation of the electromagnetic field produced by an electric charge distribution in hyperbolic motion. He uses these results in his discussion of the stability of the rigid electron. Sommerfeld [3] soon realizes that, for all practical purposes, an electron acts just like a point particle, and gives a detailed derivation of the electromagnetic field produced by a point charge in hyperbolic motion. Laue [4] reproduces Sommerfeld's derivation in his book, giving even more mathematical details. Unfortunately, Laue fails to follow up with a similar calculation of the electrodynamic four-force. One decade later the derivation of the electromagnetic field of a point charge in hyperbolic motion briefly resurfaces in Pauli's [5] book.
With the exception of Sommerfeld [3] , who mentions that his own calculation of the electrodynamic four-force is in agreement with the geometric rule given by Minkowski, the early special relativity authors have completely ignored Minkowski's geometrical description of the interaction between two electrically charged particles. As an example, even Pauli [5] fails to mention that his algebraic derivation of the electrodynamic four-force reproduces Minkowski's expression in all the details. This important validation of Minkowski's geometrical approach did not escape Walter [6] , who mentions it, still without proof, in footnote (111) of a recent essay. We want to bring to light all the derivation details behind the results of Minkowski, Sommerfeld, and Pauli, and to present the early history of hyperbolic motion in a comprehensive and fully accessible manner.
A Review of Sommerfeld's Work
A point in Minkowski space is described by a position four-vector X = (x, y, z, ict). Consider a particle in hyperbolic motion, moving along the x axis, as shown in figure 2 . The center of the hyperbola O is taken as the origin of the reference frame. If the length of the segment OQ is a, and if the angle between this segment and the Ox axis is ψ, then a point Q on the worldline of the particle will have coordinates X Q = (a cos(ψ), 0, 0, a sin(ψ)). The arc length s on the hyperbola is given by s = a ψ. The infinitesimal arc length is related to the proper time of the particle by ds = i c dτ . The particle at Q will have a four-velocity V Q = (−ic sin(ψ), 0, 0, ic cos(ψ)) and a four-acceleration 
a . The reference frame in which the particle at Q is instantaneously at rest (the four-velocity is parallel to the time axis) comes from a rotation of the original axes by an angle ψ:
In the co-moving reference frame the acceleration experienced by the particle is always equal to c 2 a . This is the acceleration presented by Minkowski in the first step of his procedure given in "Space and Time". This acceleration, constant in the proper reference frame, provides an alternative and equivalent way of defining hyperbolic motion. The source particle at Q exerts a force on the test particle at P . Point S is the projection of point P onto the plane of the hyperbola, and P S ⊥ QS. We notice that P S 2 = y 2 +z 2 , QS 2 = a 2 +ρ 2 −2aρ cos(ψ−ϕ), and QP 2 = P S 2 + QS 2 = 0.
We want to determine the electrodynamic four-force due to an electric charge e in hyperbolic motion, acting on an electric charge e 1 . The source particle is at point Q, while the test particle is at point P with coordinates X P = (ρ cos(ϕ), y, z, ρ sin(ϕ)). Because worldpoints P and Q are connected by a light signal, the four-vector X = X P −X Q , from the source charge to the test charge, must have a magnitude of zero. (While Pauli works with a four-vector X as defined here, Sommerfeld works with a four-vector R = X Q − X P . To compare formulas one has to replace R with −X.) Since X = (ρ cos(ϕ) − a cos(ψ), y, z, ρ sin(ϕ) − a sin(ψ)), the condition X · X = 0 reduces to the equation:
The independent variables are ρ, y, z, ϕ (the coordinates of the test particle), and equation (4) expresses the implicit dependence of the position of the retarded source particle on the position of the test particle, ψ = ψ(ρ, y, z, ϕ). By partial differentiation of equation (4) we obtain some relations needed later for the calculation of the electric field:
Laue [4] also mentions that the angle ψ−ϕ is imaginary and negative. This is a good time to calculate some scalar products:
The retarded four-potential at point P (in Gaussian units) is:
Sommerfeld and Pauli, using rational electrostatic units, have a extra 4π in the denominator. Using (8), the four-potential becomes:
A rotation of the x and t axes by an angle ψ brings us to a reference frame in which the source charge at Q is instantaneously at rest. The components of the four-potential become:
This is the four-potential presented by Minkowski in the second step of his procedure given in "Space and Time". We will prove that:
In the co-moving reference frame of the source particle at Q the test particle at P is described by a radial position vector T P .
We work in a reference frame in which the field point and the center of the hyperbola are simultaneous, as shown in figure 3. The source particle at Q has a four-velocity tangent to the hyperbola. We draw this tangent line. The projection of point S on this tangent line is point T . Because QT ⊥ ST and P S ⊥ QT we conclude that QT ⊥ (P ST ), and as a result P T ⊥ QT . We identify P T as the segment P 1 Q of length r from Minkowski's "Space and Time". The intersection of line QT with line OS is point U . The segment OQ has length a, the segment OS has length ρ, and the segment P S has length y 2 + z 2 . By definition θ = ϕ − ψ, this is an imaginary and positive angle. Care should be taken when comparing our formulas with Sommerfeld's, because he uses an imaginary and negative angle instead.
We notice that we have two similar right triangles, ∆OQU ∼ ∆ST U .
Using equation (4) we are able to write:
. (14) Keeping the positive solution, r = −iρ sin(θ) = iρ sin(ψ − ϕ). q.e.d. We now return to equation (11) . A rotation of the x and t axes by an angle ϕ brings us to a reference frame in which the field point P and the center of the hyperbola O are simultaneous. The components of the four-potential become:
The electric and magnetic fields are identified as elements in the electromagnetic field tensor matrix. The trick is to calculate
as a rotor (curl) in cylindrical coordinates [4] . The calculation is done in the reference frame in which the field point and the center of the hyperbola are simultaneous. In this reference system the ρ axis is parallel to the x axis, the ϕ axis is parallel to the u = ict axis, and
Keep in mind that Φ y = Φ z = 0 and that Φ ρ depends only on ρ. The magnetic and electric fields are given by the equations:
With the help of (5)- (7), equations (20)- (22) become [5] :
Having derived these results Sommerfeld [3] states that "These formulas are the most simple expressions of the field produced by any moving point charge." However some simplifications can still be made by substituting ρ sin(ψ − ϕ) with −ir. In this way we get:
Using equations (4) and (13) we are able to write:
As a result of (29) the magnitude of the electric field is:
This extremely simple result should not come as a surprise, since H 2 − E 2 is a fundamental invariant of the electromagnetic field tensor. Because H = 0, E 2 has to be a Lorentz invariant, and it is, given the fact that V Q · X = −cr. Sommerfeld does not mention it, but only because H = 0 we can say that E = (E x , E y , E z , 0) is a four-vector.
The direction of the electric field is given by the vector (ρ − a cos(ψ − ϕ), y, z). We will prove that this is the vector M P in figure 4 . The projection of point Q onto the x axis is point M . The segment OQ has length a, and the segment OS has length ρ. Because QM ⊥ OM we have OM = OQ cos(θ) = a cos(θ) and QM = OQ sin(θ) = a sin(θ). By subtraction M S = OS − OM = ρ − a cos(θ). q.e.d.
For our point particle with electric charge e 1 and four-velocity U = (U x , U y , U z , U u ) the electrodynamic four-force F (in Gaussian units) is:
(31) Sommerfeld introduces a unit four-vector in the temporal direction, I = (0, 0, 0, i). With the help of this four-vector the expression (31) becomes:
Sommerfeld decomposes the direction of the four-vector E as:
The four-vector of the electric field E = (E x , E y , E z , 0) is:
In this way the expression (32) of the four-force becomes:
Because
I, the terms with − − → QM in (35) cancel, and we are left with:
The final step is to write (36) in an explicitly invariant form, using only four-vectors and their scalar products.
In the reference frame in which the test particle and the center of the hyperbola are simultaneous the source charge at Q has a four-velocity:
and a four-acceleration:
We can write the four-vector I as a linear combination of the orthogonal four-vectors V ′′ Q and A ′′ Q . To save space we drop the subscript Q. The equation will be good in any reference frame, and there is no need to keep the ′′ on the four-vectors.
From equations (8) and (9) we have:
Substituting (40) and (41) into (39) we get:
Substituting (42) into (36), and using the fact that V · X = −cr, brings the electrodynamic four-force to the final formula:
The Equivalence of Minkowski's and Sommerfeld's Formulations
The first step when comparing Minkowski's and Sommerfeld's expressions of the electrodynamic four-force is to perform a rotation of Sommerfeld's reference frame, in the yOz plane, such that the z coordinate of the field point P vanishes. The fact that z = 0 in Minkowski's presentation is the reason why K z = 0. Indeed, from (28) we get E z = 0.
The fact that the four-force (43) is orthogonal to the four velocity U can easily verified by computing the scalar product F · U. This orthogonality is of course a consequence of using an antisymmetric electromagnetic field tensor in the calculation of the four-force (31).
Looking at figure 1, and using Minkowski's reference frame and notation, we identify the four-vectors of interest as:
where the dots represent differentiation with respect to the proper time.
With these four-vectors we calculate the scalar products of interest as: In Minkowski's reference frame X and V have a zero y component. The third row of (53) gives the y component of the four-force:
Substitution of the four-vectors (44)-(46) and of the scalar products (48)-(52) into (43) gives:
which matches Minkowski's expression from (1) and (2) perfectly.
Due to the fact that in Minkowski's reference frame the x and u components of X are related by a factor of i, when calculating Fu i − F x the contributions from the first row of (53) cancel out. What is left is:
which, after some simplifications, again matches Minkowski's expression from (1) and (2) perfectly. We notice that Minkowski's claim of "full simplicity" for his description is a little bit exaggerated. Written in full, the F x and F u components are not as simple as Minkowski wants us to believe.
A Review of Pauli's Work
Pauli [5] gives an algebraic derivation of the electrodynamic four-force. Let X Qi (τ ) describe the worldline of the source charge Q as a function of its proper time τ . The condition for a light signal:
determines τ as a unique function of the four X P i coordinates. By partial derivation of (56) with respect to X P k we get:
Since (57) gives:
and, as a consequence:
The retarded four-potential (in Gaussian units) is:
The electromagnetic field tensor at point P is calculated as:
Straightforward application of the rules of calculus, with the help of equations (59)- (60) and V r V r = −c 2 , gives [5] :
The electrodynamic four-force is calculated as [5] : (64) an expression that is identical to the four-force (43).
It is no wonder that the physicists of last century have largely ignored the geometrical recipe of Minkowski and the geometrical derivation of Sommerfeld. The algebraic derivation of Pauli is much shorter and a lot easier to understand. It seems likely that Sommerfeld himself has some trouble with the use of Minkowski diagrams, drawing a two dimensional diagram instead of a three dimensional one. This is like making the implicit assumption that the test charge is in the same plane as the hyperbola. Sommerfeld also works with (iE x , iE y , iE z , 0) and (0, 0, 0, 1) instead of (E x , E y , E z , 0) and (0, 0, 0, i), not realizing that by definition a four-vector has three real and one imaginary components. And at one point he writes that the angle between the orthogonal four-velocity and four-acceleration vectors is π 2 . We hope that our detailed geometrical derivations here and in [7] will make the use of 3D Minkowski diagrams less confusing, and that the original groundbreaking work of Minkowski and Sommerfeld will not be forgotten.
The Geometrical Argument in Favor of Time Symmetric Electrodynamics
We are now ready for a moment of reflection. How is it possible that the only effect that the acceleration of the source particle has on the electric field produced is a change in direction, while the magnitude stays the same? What is the process by which the electric field ends up with the direction of segment M P ? Point P is of course selected as the point where the electric field acts, but what is the mechanism by which point M is selected?
A careful look at figure 4 shows that point M is the midpoint of segment QN , where Q is the position of the retarded source charge and N is the position of the advanced source charge. We argue that point M defines the direction of the electric field because the electrodynamic interaction is time symmetric. Instead of decomposing the segment M P as in (33) we can write:
This geometrical description of the electric field is so amazingly simple and beautiful, it brings to life Minkowski's vision: "[...] physical laws might find their most perfect expression as reciprocal relations between these worldlines." [1] The same time symmetric geometrical description applies to the case of a source charge in uniform motion [8] . When the source charge moves with constant velocity, or with constant acceleration, our geometrical description is identical to the generally accepted causal theory. Since most of classical electrodynamics is concerned with such motion of the particles, one could hardly find any experimental evidence against (65). Even if the electric charges had a variable acceleration, that would not be reflected in the electromagnetic field produced. The variable acceleration shows up only in the expression of the radiative damping force, and that is still a controversial topic [9] . In classical electrodynamics the instantaneous radiation reaction force is outside of direct experimental investigation.
Other authors have embraced a time symmetric formulation of electrodynamics. The absorber theory of radiation of Wheeler and Feynman [10, 11] , consistent with variational principles and conservation laws, has eliminated the divergence brought by self-interacting electrons, and has provided a derivation of the radiative damping force. The advanced converging waves predicted are practically impossible to be detected in a macroscopic experiment [12] . Time symmetric interactions have been invoked by Costa de Beauregard [13, 14] to explain retrocausality (the EPR paradox) in quantum mechanics, and by Woodward [15] to explain the gravitational origin (Mach principle) of inertial reaction forces. Synge [16] has shown that if the retarded and advanced potentials have equal weights, and if the magnitudes of the acceleration of the source charge at the retarded and advanced positions are the same, then the electric charge does not radiate energy. While Synge discusses the case of a particle in uniform circular motion, the same conclusion applies to a particle in hyperbolic motion. This is a very significant result, because whether an electric charge in hyperbolic motion does or does not radiate energy is the subject of a long scientific controversy [17] . Pauli [5] predicts no radiation, based on the nul magnetic field (Poynting vector). Feynman [18] also predicts no radiation, based on the principle of equivalence of general relativity.
The Geometrical Argument Against the Material Point Particle Model
The time symmetric formulation of electrodynamics has an additional benefit: it can provide a geometrical explanation of a very puzzling fact. Suppose that we have a test charge q in an electric field E, with no magnetic field present. The force acting on the test charge is F = q E.
If the velocity v of the particle is zero, then its four-velocity is ( 0, ic) and the four-force is ( F , 0). But if the velocity v is not zero, then its four-velocity is (γ(v) v, iγ(v)c) and the four-force is (γ(v) F , i A simple case where the source particle is at rest, at the origin, and the test particle has only a radial velocity, if any. The test particle, segment AB, interacts with a retarded segment CD and with an advanced segment EF .
To solve this puzzle we have assumed that particles are not points in Minkowski space, but infinitesimal length elements along their worldlines [8] . The electrodynamic interaction takes place between small worldline segments that have their start and end points connected by light signals, as shown in figure 5 . LaMont [19] has experienced a similar insight, for he talks about the "infinitesimal thickness" of the lightcone of the source charge and "how much proper time the [test] charge spends in this region". Consider two points, X 1 (on the source particle worldline) and X 2 (on the test particle worldline) connected by a light signal. Consider two other points infinitely close to the first two points, X 1 + δX 1 (on the source particle worldline) and X 2 + δX 2 (on the test particle worldline), also connected by a light signal. Since (
, to first order in the infinitesimals the ratio of the two infinitesimal segments connected by light signals at both ends is [19] :
When the velocity v of the test particle is zero:
otherwise:
Dividing (68) by (67) we obtain:
The Coulombian interaction between point charges Q and q is now replaced with the Coulombian interaction between segments of length icδτ 1 and icδτ 2 on worldlines with constant linear charge densities. As a result the electric force qQ r 2 acting on the test charge is replaced with a four-force qQ r 2 icδτ1 icδτ (0) 1 that depends on the velocity of the test particle.
When the source charge is moving with uniform velocity we work in a reference frame in which the source particle is at rest. When the source charge is moving with uniform acceleration we work in a reference frame in which the test point and the center of the hyperbola are synchronous. In this reference frame F = qQ r 2 R R . In the case of uniform velocity R = r, and in the case of uniform acceleration R = M P . We have:
Substituting expressions (70) and (71) into equation (69) gives:
In a time symmetric formulation the contribution of the retarded four-force is The model is almost as successful when calculating the imaginary part of the four-force. In this case the contribution of the retarded fourforce is i c . The sign is incorrect, and we have to simply change it by an ad hoc rule. We hope that future research will elucidate this circumstance.
One could also argue that, in the case of motion with variable acceleration, the four-force obtained from our model is not orthogonal to the four-velocity. A small deviation from orthogonality could indeed exist, and our geometrical recipe in this case amounts to supplementing the antisymmetric electromagnetic field tensor F ik with a small (possibly symmetric) tensor G ik . We expect the contribution of G ik to average out to zero. In any case, by requiring that the rest mass of an electron does not depend on its history, and by using Stoke's theorem, one obtains the two homogeneous Maxwell equations [20] . Other relations could also be imposed upon F ik and G ik . Roscoe [21] , using the orthogonality between certain linear operator spaces, reaches the same conclusion, that the Lorentz four-force needs more than the antisymmetric electromagnetic field tensor, and identifies the additional G ik tensor with a massive photon. The condition that Roscoe imposes, the restoration of the nonrelativistic action and reaction principle, is probably at odds with the non interaction theorem. More research is needed to determine the exact physical properties of the G ik tensor.
along
− − → QP . Since − − → QP = − − → QM + − − → M P , we expect an electric field of magnitude E MP = 1 2 e r 2 along − − → M P . The same retarded contribution can be evaluated in the reference frame that is co-moving with the source charge at Q. Since − − → QP = −→ QT + −→ T P , we should be able to calculate the electric field E T P along T P and relate it to the electric field E MP along M P . Let V be the projection of point T on the Ox axis. Since −→ T P = −→ T V + − − → V M + − − → M P , and since QM , QT , T V , and V M are restricted to the (x, O, ict) plane, it follows that E MP = E T P * MP T P . Since T P = −iρ sin(θ) and M P = −ia sin(θ), it follows that E MP = E T P * a ρ . We therefore expect an electric field of magnitude E T P = 1 2 e r 2 ρ a along −→ T P . However, in the reference frame in which the test particle at P and the center of the hyperbola are simultaneous, a test particle at rest of length s o will interact with a segment S o on the retarded branch of the hyperbola, whose length can be calculated as S o = s o a ρ . The fraction is exactly the reciprocal of what is expected! At this point in time it seems that our initial method of keeping the length of the test particle constant, while allowing for a change in the length of the source particle, has to be abandoned. The interacting particles will still have infinitesimal length segments whose end points are connected by light signals, but this time the length of the source particle will be held constant, while the length of the test particle will be allowed to vary. A similar approach was suggested by Kevin Brown in Physics in Space and Time. What is calculated in this way is no longer a force, but a force density (in better agreement with the theory described in 2000), and we will add the retarded and advanced contributions as initially described. This new approach solves both problems outlined above. A more detailed description of the updated theory will be given at a later date.
